Abstract: Analytical Strip Method is presented for the analysis of the bending-extension coupling problem of stiffened and continuous antisymmetric thin laminates. A system of three equations of equilibrium, governing the general response of antisymmetric laminates, is reduced to a single eighth-order partial differential equation (PDE) in terms of a displacement function. The PDE is then solved in a single series form to determine the displacement response of antisymmetric cross-ply and angle-ply laminates. The solution is applicable to rectangular laminates with two opposite edges simply supported and the other edges being free, clamped, simply supported, isotropic beam supports, or point supports.
Introduction
Stiffened laminated plates in aerospace, marine, and other industrial structures can be optimally and economically designed through proper sizing of the plate and stiffeners. The analysis of stiffened laminated plates is complex and a number of studies dealt with them using numerical methods. Biswal and Ghosh [1] proposed a four-node rectangular element based on the higher order theory for bending analysis of stiffened laminated plates. Kolli and Chandrashekhara [2] developed a finite element model for predicting the global behavior of stiffened laminated plates based on the first order shear deformation theory. Kumar and Mukhopadhyay [3] presented a stiffened plate element for the static and free vibration analyses of lami- nated stiffened plates. Barik and Mukhopadhyay [4] proposed a stiffened plate element for the static and free vibration stability analysis of arbitrary stiffened plates based on the classical plate theory by neglecting the effect of transverse shear deformation. Harik et al. [5] developed a layer-wise finite element formulation for the bending analysis of stiffened laminated plates. Li and Ren [6] proposed a finite element model to study the bending behavior of stiffened laminated plates based on the higher-order global-local theories. Thinh and Quoc [7] studied free vibration and bending failure of laminated stiffened glass fiber/polyester composite plates with laminated open section and closed section of stiffeners by using finite element method and experiment. Bhar et al. [8] demonstrated the need for using higher-order shear deformation theory instead of first-order shear deformation theory, for obtaining accurate structural response of laminated composite stiffened plates by using finite element method. Li et at. [9] investigated low-velocity impact responses and impact-induced damages evaluation problems for the stiffened composite laminated plates based on the progressive failure model and layerwise/solid-elements method. Hariri et al. [10] studied thin structure with several piezoelectric patches bonded on its surface by using the finite element method. Natarajan et al. [11] studied the static bending and free vibration of cross-ply laminated composite plates using sinusoidal deformation theory which combined isogeometric approach and unified formulation. Mukherjee and Menghani [12] studied aspects of displacements and stresses in laminated composite beams and stiffened plates by using a high-order theory with quadratic isoparametric shape functions. Sadek and Tawfik [13] presented a refined higher-order displacement model for the study of the behavior of concentrically and eccentrically stiffened laminated plates based on C 0 finite element discretization. Qing et al. [14] developed a novel mathematical model for free vibration analysis of stiffened laminated plates by separating consideration of plate and stiffeners based on the semi-analytical solution of the state-vector equation theory. Hadjiloizi et al. [15, 16] analyzed a smart composite piezo-magneto-thermoelastic thin plate with rapidly-varying thickness by using rigorous three-dimensional formulation as the basis of multiscale asymptotic homogenization. The asymptotic homogenization model is developed using static equilibrium equations and the quasi-static approximation of Maxwell's equations. The Analytical Strip Method (Harik [17] ; Harik and Salamoun [18, 19] ) was proposed for the analysis of thin orthotropic and stiffened rectangular plates. Recently, this method was extended to antisymmetric laminates (Sun and Harik [20] ).
The objective of this paper is to extend the application of the analytical strip method (hereinafter ASM) to stiffened antisymmetric cross-ply or angle-ply laminated composite plates with bending-extension coupling. The plates have two parallel edges simply supported and can be subjected to uniform, partial uniform distributed load, patch, line, partial line, and point loads, and to any combination of these loads ( Figure 1 ). The solution procedure requires that the plate be divided into strips whose number depends on the geometric and loading discontinuities. The solution of the governing differential equation of each strip employs the classical method of separation of variables. Unlike the numerical (e.g., Harik, et al. [5] ) and semi-numerical methods (Kong and Cheung [21] ), the accuracy of the analytic strip method does not depend on the number of strips but on the number of modes considered in the series. Consequently, the number of algebraic equations and the computational difficulties are reduced considerably. The ASM results compared very well with established methods of analysis for isotropic and orthotropic plates (Harik [17] ; Harik and Salamoun [18, 19] ). Results for stiffened and continuous antisymmetric laminates are not available in the literature. Consequently, the results presented herein are compared with ones derived using the finite element program ANSYS (ANSYS, Inc. [22] ).
Governing Equations for Antisymmetric Laminated Plate Strips
For plate strip I (Figure 1 ) in a laminated composite plate, the system of three equations of equilibrium governing the general response can be written as (Whitney and Leissa [23] )
in which, the displacements in the x, y, and z directions, u 0 , v 0 , and w, respectively, are presented in terms of the displacement function Φ(x, y) (Sharma et al. [24] )
The differential operators L ij are defined as follows [25] and are defined as follows:
where, h is the thickness of the plate, and Q ij are reduced stiffness coefficients (Reddy [25] 
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yy , 
in which z k is the distance between the midplane of the plate and a point in the k th orthotropic lamina.
The linear constitutive relations for the k th orthotropic lamina in the principal material coordinates of the lamina are
Based on the derivation by Sharma et al. [24] , Eq. 1 can be written as 
in which A i (i = 1, 3, . . . , 9) are given by Sharma et al. [24] .
Isotropic Beam Equations
For the l th isotropic beam (l = 1, 2, . . . , S), located along the line x = x l (l = 0, 1, . . . , S, the axial rotation about yaxis is assumed to be fully restrained along the edges y = 0 and y = b. Considering the bending, torsional and warping stresses, the following pair of differential equations can be derived from the equilibrium of the beam element (Salamoun and Harik [26] ):
in which, 
The Analytical Strip Method
The laminated plate in Figure 1 is divided into plate strips depending on loading and geometric discontinuities. For a rectangular plate strip I, simply supported along two edges parallel to x-axis (y = 0 and y = b in Figure 1 ), the solution to Eq. 9 can be presented in a single series form
in which, βn = nπ b (15) and b is the length of the plate along the y-axis. Hereinafter, the subscript I, denoting the I th plate strip, will be dropped in the derivation of the solution to Eq. 9 for strip I. Substitution of Eq. 14 into Eq. 19 leads to 
Eq. 18 is an infinite set of ordinary differential equations for φm(x) (m = 1, 2, 3 . . . ∞). It is a unidirectional and linear 8 th order differential equation that can be solved by the superposition of the homogeneous part, Φ H (x, y), and the particular part of the equation, Φ P (x, y).
is homogeneous solution, and Φ P (x, y) = ∑︀ ∞ m φ Pm (x) sin(βmy) is particular solution.
Homogeneous Solution
The homogeneous solution for mode m, φ Hm (x), is expressed as follows: 
Particular Solution
The separation of variables can be applied to present the load q(x, y) in Eq. 18 as follows
in which q 0 is the load amplitude, and f (x) and g(y) are the load distribution functions in the x and y directions, respectively. The right hand side in Eq. 18 takes the following form
in which
The general expression for the particular solution Φ P (x, y) may now be presented as follows:
The particular solutions for most common strip loadings are shown in Table 1 . When strip I is subjected to more than one load (Figure 1) , the method of superposition is employed to determine the particular solution. (27) in which r represents the total number of loads applied on strip I.
Edge Loading Function
When the plate is subjected to line loads in the y direction or to point loads, it is divided into strips in such a way that the loads are applied along the inner or outer edges of the strips ( Figure 1 ). These loads are expressed in a Levy type Fourier series and incorporated in the solution as discontinuities in the shear force. The edge loading functions ψ i (y) for most common loadings are shown Table 2 . When the edge x i is subjected to a combination of loads (e.g. x = x 1 in Figure 1 ), the method of superposition is employed to determine the edge loading function:
where s represents the total number of edge loadings applied on edge x i .
Boundary Conditions
The boundary conditions along the edge x = 0 and x = xn = a are: Simply supported edge:
where, Vx is the shear force in the z direction at a distance x; Nx is the membrane normal force in the x direction; Nxy is the membrane shear force in y direction; Mx is the bending moment about y-axis; and ψ is the edge loading function.
Continuity Conditions
The following continuity conditions are imposed along the common edge x = x i between strips I and I+1. 
Load Case
When a beam is present at x = x i , the following continuity conditions are imposed along the common edge x = x i between strips I and I+1. 
ψ i (y) Case 1 -Partial line load Ly ψ i (y) = 2Ly π ∑︀ ∞ m 1 m [ cos (︀ mπ b y 1 )︀ − cos (︀ mπ b y 2 )︀ ] sin (︀ mπ b y )︀ Case 2 -Line load Ly in y direction ψ i (y) = 4Ly π ∑︀ ∞ m 1 m sin (︀ mπ b y )︀ Case 3. -Concentrated load P ψ i (y) = 2P b ∑︀ ∞ m sin (︀ mπ b y 1 )︀ · sin (︀ mπ b y )︀ Case 4 -Zero load ψ i (y) = 0 N xyI = N xy(I+1)(36d)
Solution
A rectangular plate is divided into N-plate strips (Figure 1 ) depending on the number of loading discontinuities and the locations of the beams and point supports. Eight Nsimultaneous equations are generated from the boundary and continuity conditions. For the homogeneous solution of strip I (I = 1, 2, . . . , N), the constants C dmI (d = 1, 2, . . . , 8) are determined for each mode of deflection m (m = 1, 2, . . . , ∞). The particular solution is also determined for each strip I and mode m. The deflection for each strip I is derived by summing the homogeneous and particular solutions. The bending and twisting moments, shears and reactions are then determined from the equations for antisymmetric cross-ply or angle-ply laminates (Sun [28] ).
Application
For illustrative purposes the numerical applications deal with different loadings and boundary conditions. All the layers are assumed to be of the same thickness and density and made of the same orthotropic material. The following material parameters are used: This element has both bending and membrane capabilities, and can take up to 250 layers. It can be subjected to in-plane and normal loads. The element has six degrees of freedom at each node.
The numerical results are presented in terms of the dimensionless deflection,ŵ, and the dimensionless stress, Σ, at the center of plate (x = a/2, y = b/2), subjected to uniformly distributed or patch load of magnitude q, a line load of magnitude L, or a concentrated load of magnitude P.ŵ 
The dimensionless bending stresses with respect to the x and y axes, Σx and Σy respectively, and the twisting Σxy for uniformly distributed or patch loads are
For a line load, the non-dimensional stresses are
For a concentrated load, the non-dimensional stresses are
Example 1. Edge beam effect on a square antisymmetric angle-ply plate
Uniformly loaded antisymmetric angle-ply square plates, having a width in the x-direction to plate thickness ratio a/h = 1000, are studied in this example. h is the plate thickness. The plates are simply supported along the edges at y = 0, y = b, and x = 0, and, beam supported at x = xn = a. Plate with 2 and 10 layers are analyzed, and the ply orientation angle is varied from θ = 0
The beam, having a square cross section, has a nondimensional stiffness K1 (Eq. 12a) that takes the following values: 0.6221 (or beam width = beam depth = 5h), 1.5, 10, and 30. K2 and K3 are calculated using Eqs. 12b and 12c, respectively.
This objective of this example is to show the influence of the edge beam stiffness on the plate behavior. For comparison, results are presented for simply supported and clamped edges at x = xn = a. Figure 2 shows the dimensionless deflections
at the center of plate, derived using the ASM (solid lines) and ANSYS (dashed lines). The variation between ASM and ANSYS results is negligible. As the edge beam stiffness increases to K1 = 30, the plate behaves similar to the one having a clamped edge at x = a. For the same boundary conditions, the deflection of the 2-layer plate is larger than that of the 10-layer plate for 0 ∘ < θ < 90 ∘ , and the deflections of the 2-layer and 10-layer plates are equal when θ = 0 ∘ and θ = 90 ∘ . This is due to the bending-extension coupling effect, i.e., B ij in Eq. 4 which decreases as the number of layers (n) increases, and approaches zero as n approaches ∞. The larger the number of layers in a laminated plate, having a prescribed thickness, the lesser the effect of the bending-extension coupling. Figure 2 also shows that the bending-extension coupling effect in the two and ten layer laminates is quite pronounced as θ approaches 45 ∘ . Table 3 presents the convergence study of the dimensionless center deflection for a 2-layer and a 10-layer uniformly loaded square laminated plates (30 different beam stiffness. The deflection converges rapidly and two significant (or non-zero) terms are sufficient. Figure 3 presents the variation in the dimensionless stress
at the point (0.975a, a/2) along the plate centerline and in the vicinity of the edge beam. The results derived using ANSYS are drawn in dashed lines and the ones derived using the ASM are drawn in solid lines. The maximum difference between the ANSYS and ASM results is 1.75%, which occurs when K1 = 30 and θ = 15 ∘ on 2-layer plate. As expected, the stress increases with K1 and as K1 approaches 30, the edge supported beam becomes a clamped edge. Table 4 presents the convergence study for the dimensionless stresses at the center of a 2-layer and a 10-layer of uniformly loaded square angle-ply laminated plates (30 ∘ /-30 ∘ /. . . ). The plates have three simply supported edges and beam support along the edge x = a. The results indicate that three significant terms in the series are sufficient for determining the stresses in these plates.
Example 2. Edge beam effect for a square antisymmetric cross-ply plate
Uniformly loaded antisymmetric cross-ply square plates, having a width in the x-direction to plate thickness ratio a/h = 1000, are studied in this example. The plates are simply supported along the edges at y = 0, y = b, and x = 0, and, beam supported at x = xn = a. Plates with 2, 4, 6, 8 )︁ σx at the center of plate. The ASM results are compared with ones derived using ANSYS and the difference between the two is negligible. The deflection and stress for the 2-layer plate are always greater than the ones for the 10-layer for the same edge beam stiffness, K1. This is due to the bending-extension coupling effect, i.e., B ij in Eq. 4 decreases as the number of layers (n) increases, and approaches zero as n approaches ∞. The larger the number of layers in a laminated plate, having a prescribed thickness, the lesser is the effect of the bending-extension coupling. As the number of layers increases, for the same plate thickness, the magnitudes of the deflection and stress decreases. For example, the deflection at the center of the plate for K1 = 0.6221 and n = 2 isŵ = 1.9262, while for four layersŵ = 1.2958, a decrease in the magnitude of the deflection of 32.7%. For the 8-layer plate,ŵ = 1.2037, while for the 10-layer plateŵ = 1.1936, a decrease of 0.8%. This is a clear indication of the reduction of the influence of the effect of the bending-extension coupling. Similar deduction can be made for the stresses. Table 6 presents the convergence study on the dimensionless center deflection and stresses of 2-layer, 4-layer and 8-layer uniformly loaded antisymmetric crossply square plates, with three different boundary beams 
)︁ w 2 n = number of layers 3 m = mode of deflection 4 K1 = dimensionless flexural rigidity of the beam (refer to Eq. 12a).
K2 and K3 are derived using Eqs. 12b and 12c, respectively. (K1 = 0.6221 refers to beam width = beam depth = 5h) at x = a. It is clear that for any beam stiffness, both sufficiently converged deflection and stress results on xdirection can be obtained as series item m up to 5. It is obvious that the convergence rate of Σy is slower than convergence rate of Σx. It is sufficiently converged on Σy when series item m up to 9.
Example 3. Rectangular antisymmetric angle-ply plate having two interior beams
Uniformly-loaded antisymmetric angle-ply rectangular plates, having a width in the y-direction to plate thickness ratio b/h = 1000 and an aspect ratio a/b = 2 (a = plate 
= dimensionless flexural rigidity of the beam (refer to Eq. 12a).
K2 and K3 are derived using Eqs. 12b and 12c, respectively. (K1 = 0.6221 refers to beam width = beam depth = 5h)
length in x-direction), are studied in this example. The plate is simply supported along the edge y = 0 and y = b, and free along the edges on x = 0 and x = a =2b. Two intermediate beams parallel to the y-axis, support the inside plate at x =0.25a, and x =0.925a. The beams have the same stiffness, K1 = 1.5 (Eq. 12a). The objective of this example is to study the effect of the ply-orientation angle and the number of layers on the deflections and stresses in this plate. Figure 4 shows the uniformly loaded laminated 10-layer (-45/45) 5 )︁ w derived using ASM. Table 7 presents the ANSYS and the ASM dimensionless deflections at different locations in the plate and the effect of the ply angle and number of layers on the dimensionless deflections at different locations in the plate. The maximum difference between the ANSYS and ASM results is 1.664% which occurs when θ = 30 ∘ in a 2-layer plate at the center of the free edge at x = a. The difference at points away from the free edge at x = a is less than 1%. Table 8 presents the effect of ply angle and number of layers on the laminate's dimensionless stresses Σx = (︁ This difference comes from ANSYS boundary condition on beam warping restriction. Due to the limitation from AN-SYS, when beam warping is limited, the laminate at points corresponding to beam are limited as well. The majority of the differences in the results between ANSYS and ASM are smaller than 3.0% (Table 8) . At the center of the plate, Σx decreases from a maximum value of Σx = 0.4122 at θ = 0 ∘ to a minimum value of Σx = 0.0396 at θ = 90 ∘ , for both 2-layer and 10-layer plates. On the other hand, Σy increases Table 6 : Influence of the number of layers on the ASM convergence of the center deflection (ŵ 1 ) and stresses (Σ 1 x and Σ 1 y ) of antisymmetric cross-ply square plates having three edges simply supported and the fourth edge (x = a) beam supported (a/h = 1000, E 1 = 132.38 GPa, E 2 = 10.76 GPa, G 12 = G 13 = 5.65 GPa, G 23 = 3.61 GPa, ν 12 = 0.24). 
Example 4. Antisymmetric angle-ply plate having two internal point supports
The ASM can be applied to a laminated plate having internal point supports. A uniformly-loaded antisymmetric angle-ply rectangular plate, having a width in the ydirection to plate thickness ratio b/h = 1000 and an aspect ratio a/b =2 (a and b are the dimensions of plate in the x and y directions, respectively), is studied in this example. The plate is simply supported along the edges y = 0 and y = b, and free along the edges x = 0 and x = a =2b. Two internal point supports are located at x = 0.4b, y = b/2 and x = 1.7b, y = b/2, respectively. The plate is divided into strips in such a way that the point supports are located along the common edge between two strips. The solution to this problem is achieved by applying the flexibility (or force) method which involved releasing the deflections at the point supports and generating the flexibility matrix to determine the reactions at the supports that are required to cancel these deflections. Figure 5 shows the loading and support conditions for the plate, and displays the contour of dimensionless deflection
, derived using the ASM for a 2-layer (-45/45) rectangular laminated plate. Figure 6 shows the variation of the dimensionless deflections,ŵ, with the ply angle θ, at the following three Table 7 : Effect of ply angle, θ and number of layers, n, on the deflectionŵ 1 of a uniformly loaded rectangular antisymmetric angle-ply plate (a/b = 2, θ ∘ /−θ ∘ /θ ∘ /. . . /−θ ∘ ) with two internal beam supports (Fig. 4) The objective of this example is to show that the ASM is capable of dealing with laminated plates having complex boundary, support, and loading conditions. Figure 8 presents the contour of the dimensionless deflectionŵ generated using the ASM. This example is also analyzed by using ANSYS. The % difference of the dimen- 
Summary and conclusions
The analytical Strip method (ASM) is extended in this paper to the analysis of stiffened and continuous antisymmetric laminated composite plates. The ASM can be used to analyze stiffened and continuous plates subjected to any combination of patch, uniform, line, and concentrated loads. Since results for stiffened and continuous antisymmetric laminates are not available in the literature, the results derived using the ASM are compared with ones derived using ANSYS, and they compare very well. The ASM solution overcomes the limitations of existing analytical methods and provides an alternative to numerical, seminumerical, and approximate methods.
